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SOME INVESTIGATIONS OE THE GENERAL INSTABILITY 

OE STIFFS'i^yED METAL CYLINDERS 

II - PRELIMINARY TESTS OE »VIRS-BRACED SPECIlffiNS 

AND THEORETICAL STUDIES 

Guggenheim Aeronautical La^boratory 
California Institute of Technology 

This is the second of a series of reports 
covering an investigation of the general 
instability problem "by the California Insti- 
tute of Technology. The first five reports 
of this series cover investigations of the 
general instaoility prohlein under tho load- 
ing conditions of pur^; bending and were 
prepared under the sponsorship of the Civil 
Aeronautics Administration. The succeeding 
reports of this series cover the work done 
on other loading conditions under the spon- 
sorship of the National Advisory Committee 
for Aeronautics. 



INTRODUCTION 



The first report of this series (reference l) was 
primarily concerned with the present state of the theo- 
retical and the experimental knowledge regarding the 
general instability failure of stiffened metal cylinders. 
Three important conclusions were arrived at during this 
study. They were as follows: 

(a) That several methods have been advanced by 

different investigators for the calculation 
of tlio critical stresses for such stiffened 
cylinders 

(b) That available experimental data were insuffi- 

cient to prove the validity or usefulness of 
any of the proposed methods 
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(c) That some of the "basic problems coiicerning the 
failure of thin shells hrve not been satis- 
factorily treated theoretically as evidenced 
hy the large discrepancies between the theo- 
retically predicted an.d the experimentally 
obtained failing stresses 

The recent research, therefore, has been concentrated 
aloni. two major lines: first, to obtain sufficient exper- 
imental data on the failure of stiffened cylinders so 
that the proposed methods of analysis could be checked; 
second, to endeavor to develop a more sound theoretical 
background for the study of the failure of thin shell 
structures. The body of this report will, therefore, 
consist of three parts: namely, 

(a) ?r el iminarj'- experimental investigations on the 

failure of stiffened metal cylinders 

(b) Theoretical investigations into the principles 

underlying the theory of failure of thin shells 

(c) Experimental investigations on the compressive 

failing stress of unst if fened circular cylinders 

PRSLIMINARY SXPEKIMEISTAL IITYS ST IGAT I OiTS OK THE FAILURE 
OF STIFFENED METAL CYLINDERS 
Type of Test 

Inasmuch as bending is one of the critical loading 
conditions for airplane structures, the problem of the 
failure of stiffened metal cylinders when subjected to a 
pure bending moment, was attacked first. From observations 
of the stress and the deflection patterns produced under 
this simple loading condition, it was hoped a correlation 
with the simple beam equations could be obtained. Although 
no airplane striicture is si-i.bjected to bending moments with- 
out a certain amount' of attendant direct shear, it was felt 
that a rather complete study of the r^ure bending phenomenon 
would form a desirable background for the more complicated 
problem of bending plus shear and for the more general 
combined loading conditions. 

In view of the above, all of the tests on stiffened 
cylinders which have been conducted to date have been made 
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with pure ^oending as the only externally applied loading. 
Stress readings were taken on representative parts of the 
structure during loading; Huggenherger type ext ensomet er s 
with a inagnif icat ion factor of approximately 300 being 
used for this purpose. In addition to the observations 
of the stress in the structure, the deflection patterns 
of both frames and longitudinals were taken as a function 
of the applied moment. From the above observations the 
stress pattern and the mode of failure were determined for 
each specimen tested, as well as the maximum bending 
m.oment that carried by the specimen. 



Testing Equipment 

The testing m.achine used is shown schematically in 
figure 1 and by photographs in figures 2 and '6. This 
machine is adapted to the application of bending moments, 
torsional moments, or any combination of bending and tor- 
sion to specimens up to 3 feet in diameter and 20 feet 
long. It has a capacity of 500,000 inch-pounds in both 
bending and torsion. 

For the present tests it was desired to aoply a uni- 
form moment over the entire specimen; so the bending-moment 
arms of the testing machine were connected by an extra- 
flexible aircraft cable as shown. A loading screw (fig. 4) 
ana load dynamometer (fig. 5) were placed at one end of 
tne cable. If, at any time, it is desired to find the ef- 
fect of a bending moment with a linear variation in magni- 
tude over the length of the specimen, the cable will be 
replaced by a separate loading screw and a dynamometer at 
tne end of each of the bending-moment arms. 

The entire machine is supported on ball-bearing joints 
similar to the one shown in figure 5, these Joints also 
being present at the ends of the loading arms as shown in 
figure 1. One head of the testing machine is free to move 
horizontally, thus eliminating the possibility of any 
direct tensile or com-pressive forces being applied to the 
cylinder. 

A rod is freely supported at the center of the two 
ends of the specim.en, this rod carrying a device making 
it possible to obtain the radial and angular position of 
any point on a cr o ss~ sect ional plane through the specimen. 
This device can be shifted lengthwise and thus it Is pos- 
sible to obtain a complete deflection pattern of the 
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lon^it''J.o.inal s and frames at any given applied moment. 
This deflect ion-rmeasuring - inst rument can ."be seen in sev- 
eral of the attached photographs- 
Specimens 

In order to eliminate as many variables as possible, 
the specimens were made up of frames and longitudinals 
only, without skin covering. The longitudinals and frames 
used for this first series of tests are shown with their 
section properties in figure 7. The material used for the 
longitudinals was ii/S- by O.C28-inch 17S-T dural tubing 
dra^n to the shape shown and the frames were cut from 17S-T 
dural-sheet stock and rolled to the proper radius. The 
longitudinals and frames were joined at all intersections 
by one 4-40 machine screw and nut. The station numbers 
for frames and 1 on^^i, i tud inal s are shown in figure 8. 

The specimens were all 32 inches in diameter and 64 
inches long,, the length being measured from the edge of 
the outstanding leg of the end angle. The ends of all 
longitudinals were rigidly attached to an end angle by 
means of U-bolts as shown -in figures 9 a.nd 10. This angle, 
which was in the form of a ring with an internal diameter 
equal to that of t.he specimen, was then solidly bolted to 
the face plates of the testing machine. 

Inasmuch as there was no. sheet covering and only one 
type of frame and longitudinal was used* in this first 
series of tests, the two. important variables remaining 
were the frame spacing and the longitudinal spacing. Ta- 
ble I shows the variations in these two parameters as 
related to the assigned specimen numbers. 

It was first thought that it might be possible to 
obtain a true bending failure without the use of any shear 
bracing in the specimen. Upon testing the first specimen 
it 7\ras found that shear bracing would b.e necessary in 
order to prevent a torsional form of failure in ^vhich the 
frames tended to rotate about the top or tension longitu- 
dinal. Therefore, a network of steel wire 0.016 inch in 
diameter was used to provide shear stiffness. A prelimi- 
nary discussion of the effect that these wir.es may have 
is given in appendix B. . 
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Experimental Results 

The early part of the program was devoted to acciimu- 
lating data on this first series of specimens. The results 
obtained have so far oeen analyzed only in a preliminary 
manner in order to study trends which would influence the 
choice of data desired on succeeding specimens. 

Tables I, II, and HI give a summary of the experi- 
mental failure bending moments obtained on the specimens 
tested to date. Figures 11 to 34, inclusive, are iDhoto- 
graphs taken of the specimens which show the method of 
testing and the failure pattern of the longitudinals and 
frames. Figures 35 and 36 give, in curve form, the rela- 
tionship between failure bending moment and the frame and 
longitudinal spacing, respectively. Figures 37 to 53 
inclusive, show a representative group of frame and longi- 
tudinal deflection patterns. These deflection patterns 
were taken at or near to the failure bending moment, 
primarily so that the deflections would be large enough 
to give an accurate picture of the failure wave form. In 
nearly every case the wave pattern at failure was the same 
as that taken earlier in the loading. Figu.re 54 indicates 
the relationship between the maxim.um radial deflection of 
the center frame (taken on the compression side) and the 
applied bending moment. 

At the beginning of the test program it was desired 
to know if the vertical stress distribution in the speci- 
men was linear- that is, if the stress distribution fol- 
lowed the simple beam equation of q = — • In order to 

I 

check this factor a large number of ext ensomet er s were 
placed on the longitudinals and stress readings were taken 
as a function of the bending moment. The results are 
plotted in figures 55 and 56 for three longitudinals on 
the compression and for three longitudinals on the tension 
side, respectively. The stresses calculated from the 
simple beam equation are indicated and show remarkably 
good agreement. Uear failure it was necessary to correct 
for the bending moment in the longitudinals due to the fact 
that they were in the wave form and this was done by taking 
extensometer readings on both sides of the longitudinal 
simultaneously. This type of stress study was'not made on 
all specimens but checks were made on representative spec- 
imens and the linearity of the vertical stress distribution 
was found to hold in all cases. In all specimens except 
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1, 9, 10, and 11, s^ifficient v/ire shear Dracing was used 
to prevent any torsional deflection of the center of the 
specimen. In other words, the lower (compression) 
longitudinal deflected only in a vertical plane. The 
specimens noted previously are discussed separately in 
appendix 5. 

Check of Experimental Results with Current Theories 

The various methods of analysis which were discussed 
in detail in the first report of this series (reference l) 
are, with one exception, all "based on the assumption that 
the effect of the 1 on^^ itud inal s and frames on the strength 
of the specimen is relatively small compared to the effect 
of the skin. Therefore, when the skin thickness goes to 
zero, as it does in this first set of specimens, the sug- 
gested m^ethods of analysis Dreak down for one reason or 
another . 

The methods of Ryder, Dschou, and Hoff might he used 
for the analysis of the present specimens. However, the 
parameters of the present specimens lie completely out of 
the range of Ryder* s curves, and as no method of calculat- 
ing these curves is given in Ryder's paper, it was impos- 
sihle to make a check of his method with the experimental 
results. 

A check using Dschou' a method of analysis gives theo- 
retically predicted failing moments which are very much 
too high if the torsional rigidity of the 1 ong i tudinal s ^ 
is taken into account, and which are much too low if this 
factor is neglected. ?or this reason no calculations 
using this method have "been included. 

In contrast to the other proposed methods, that of 
Koff's deals essentially with a structure sirailar to that 
of the tested specimens. ?or this reason, it might he 
expected that the failing stresses predicted hy Hoff might 
show some agreement with those obtained experimentally. 
As can he seen in tahle II, this is not the case, for 
Hoff^s method gives failing stresses which are much too 
low when the correct wave pattern of one half-wave is used, 
A change in the assumed wave pattern to two half-waves 
raises Hof f * s predicted failing stresses, "but not suffi- 
ciently in most cases to give agreement. It is also inter- 
esting to note that the failing stress predicted hy Hoff 
increases slightly as the frame spacing is increased; 
whereas the experimental data show that a decrease occurs. 
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Conclusions from Experimental Results 

As most of the time in the early part of this program 
was spent in testing, the exp er im-ent al results have not 
as yet "been analyzed in any great detail. It can he said, 
however, that failures of the general instability tyiDe 
have been obtained in this first series of specimens and 
that the dependence of the failing bending moment on the 
frame and longitudinal spacing has been obtained. It is 
expected that a study of the deflection patterns and the 
variables involved will lead to a method of analysis of 
this tyoe of struct\ire which will enable a designer to 
predict the allowable bending moment to a satisfactory 
degree of accuracy. 

An interesting result of this first set of experiments 
was the discovery that specimens of the type tested do not 
fail suddenly but tend to approach a maximum allowable 
bending moment in an asymptotic manner. This is clearly 
indicated by the curves of bending moment against radial 
deflection of the frames which are plotted in figure 54. 
Preliminary investigation seems to indicate thatlifc might be 
possible to use Southwell-'s method of predicting the crit- 
ical instability load of columns on curves of this type and 
obtain the maximum allowable bending moment on the struc- 
ture without actually failing the specimen. If this method 
proves to be applicable, deflections taken on a fuselage 
structure during proof test could be used to determine the 
maximum load which could be carried by the structure. 

In all present methods of analysis of this problem, 
it has been assumed that certain stiffness factors of the 
longitudinals and frames are constant quantities independ- 
ent of the load. Plowever, observations have shown that if 
the specimens are loaded by a bending moment and if, for 
example, an additional raaial force is aiDplied to a point 
on the surface of the structure, then the resistance of 
the structure to radial deflection is dependent upon the 
applied bending, moment. Preliminary tests indicate that 
the stiffness of the structure on the compression side may 
drop to as little as half of its original value as the 
failing bending moment is approached, and that a definite 
decrease in value is found even for very small applied 
moments. This factor may explain some of the discrepancies 
between Hoff^s predicted failing stresses and those obtained 
experimentally. This phenomenon is being carefully inves- 
tigated at present, as this. factor will certainly be impor- 
tant, in the development of a satisfactory theoretical 
solution to the problem. 
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THEORETICAL IITVS ST I aAT I OiTS IHTO THE PEINCIPLES 
UI^TDERLYIiTG THE EAILUR.E OE THIN SHELLS 



As was T3ointed out in the first report of this series 
(reference 1), the classical theory of thin shells as i^iven 
in Love's "Elasticity," gives a critical Duckling stress 
far a'cove that o'ttaine-d experimentally. It v/as also sug- 
gested in the first reoort that this failure of the clas- 
sical theory accur.Mtoly to predict Duchling stresses might 
oo due to the linearization of the differential equations 
and that an attempt should be made to generalize the theory 
so that second- order terms could be taken into account. 
This has been done for the case of a thin spherical shell 
under uxiiform external pressure, and it is hoped that the 
method used can be extended to the case of the thin cylin- 
drical shell under axial compression. 

The necessity for the develor)ment of a nonlinear 
theory of deflection can best be shown by considering a 
very thin spherical shell as illustrated in figure 57. If 
the shell is sufficiently thin, the bending stiffness 
(which is proportional to* t^) can be neglected and, under 
this assumption, the strain energy of the shell is the 
sam.e in tne deflected position (6) as it ^vas in the unde- 
fleeted position (l), figure 57- In other v/ords, neglect- 
ing the bending energy in the region A-A, the shell will 
be in equilibrium in the reflected position (o) without the 
aid of any external pressure applied to the shell surface. 

On the other hand, the intermediate positions betv/een 
(l) and (3) do involve compression of the shell elements 
and,, therefore, the shell can be in equilibrium in these 
positions only with the aid of an external pressure. 
Leforrning the shell between positions ( l) and (2) involves 
compression of the shell elements and thus a positive 
external pressure is necessary to maintain equilibrium. 
When 6 is greater than Sq (between positions (2) and 
(3)), a negative external pressure is necessary to main- 
tain equilibrium as the compressed elements are trying to 
force the shell to take up the equilibrium position (3). 
The pressure-deflection curve (under the assumption of no- 
bending stiffness) is, therefore, of the form shown in 
figure 58a. 



The effect of the bendiiig stiffness is to increase 
the positive external pressure necessary to hold the shell 
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in equililDr ium. Thus, for increasing values of the "bend- 
ing stiffness of the shell, the curve in figure 58a will 
take the form of those shown in figure 581). Any linear 
theory which does not take into account the higher-order 
terms of the deflection will give a linear relationship 
"between the pressure and the deflection. This linear 
relationship is a good approximation at the initial stage 
of the deformation; but when the deformation "becomes equal 
to, or greater than, the sheet thickness, erroneous result 
are obtained. 

The investigation of this tyce of problem has been 
limited in extent (references 2, 3, and 4) and has never 
been, to the authors' knowledge, applied to the problem 
of the buckling of th in shells. Tne following discussion 
will, therefore, consider the problem of the buckling of 
a thin spherical shell under uniform external pressure 
and will be based on the following simplifying assumptions 

1. The deflection is rotationally symmetric- 

2. The deflection of any element of the shell is 

vertical. 



3, The shell is very thin so that t/s is small. 

4. The effect of lateral contraction is neglected - 

that is, Poisson^s ratio is assumed equal to 
zer 0 . 



5. The buckling is restricted to a small r)ortion of 
the shell and the edges of this region are 
fixed- that is, the deflection of the edges 
is zero and the slope remains a constant equal 
to the initial slor)e. 



Pigure 59 indicates the element discussed and the 
paramet er s involved . 



As can be st;en from, this figure, for a linear element 
of the section of the shell, 

dr/cos a the original length 

dr/cos Q the length after deflection / 



and the strain is, therefore. 
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dr dr ' 

. _ c o s"""'? CO 3 "a _ c o s a . 
e _ — . 1 

cos a 

Hezice, tlie strain energy due to the extension of the 
elements of the shell is: 

a 

Et p ^cos_a _ __dr__ 
3 J ycos 9 y cos a 



- 1 ) 2tt R sin a E da 

2 -I Vcos 9 



J Vcos 9 



= (^1^; 2n rf----?^ - l) sin a da (1) 



0 

The tv7o curvatures of the shell at the point ? 
hefore hucklin^ are both equal to i/e. After deflection, 
the curvature in the YZ plane is equal to: 

dq _ dP / ds 
ds da/ da 



But 



Henc e , 



dr E cos a da 

ds = = • 

cos'^ cos9 



dn _ dn^/Rcos a 
ds da/ cosO 



The change in curvature in the Y2 
de 

da L i r ^£ - 1 1 

Rcosa R Hucosada J 



cos 9 
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The change in the second principal curvature can be 
shown to be: 



R u s i n a J 



The total bending energy is then: 

3 



24 J 



R L cosada / v.sina 



f 2tt sin a da [f ^- - iT-^ ( '^"^ ^ 



3 



— / s 1 n a i ' ^ 



12 -./o 



OS 0 d£ _ ^N'^ _^ / - 1^ 

V s i n rr 



21 



'^co s a da ^ 



da (2) 



The potential energy of the external pressure is 
equal to the pressure times the volume covered under the 
shell. Thus, the potential energy is: 

a a a 

r r 2 ' 

p / 2Tr r zdr ^ p i 2tt z 
8 

fa c 
= vvj R sin a tan 0 H cos a da 
■o 



- P 



J dr 



dr 



-pR TT/ sm atanHcosada 



(3) 



The totel energy W of the system is the sum oi" the 
strain energy and the potential energy of the external 
pressure. Thus, from equations (l), (2), and (3): 



R TI 



.cos 



8 



E fl^, F( cos_s _ 1 ] a da + IVeZ- / If cos 



12 



'V- 



,c 0 s a da J 



+ y — 1 ; 



sin a da 



+ p sin"" 



a cos a tan S da (4) 
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At the eq-a il i"br ium position, the total energy must he 
a minimum; therefore, the equation of equilihrium can he 
ohtained ty minimizing the expression (4). If the calculus 
of variations is used, the Eul er-Lagrange equation is: 



t 



cos 9 



/tV 

( cos_a _ ^ 1eZ_ I e Ain_9_ ^ 

Vcos 9 /J 6 L Vsin a 



tan a 



J 



coG^e 



(2 tan^ a + 1) 



d9 s in_fi__c 0 s_Q__t an_a f dB^N" _ cos ^9 tan q 



cos a 



da 



cos a 



COS a 



da" 



+ Bin a COS a sec 



(5) 



with the boundary conditions 



6=0 



at 
at 



a = 0 
a = P 



(5a) 



Since experiments show that the huckling area extends 
usually only a few degrees, p is assumed very small. In 
this case equations (4) and (5) can he simplified to: 



and 




The differential eouations (5) and (7) are nonlinear, 
as expected, and it is difficult, if not impossible, to 
solve them analytically. However, useful information about 
the character of the relation between 8 and a can be 
obtained by attempting a solution of the form: 
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Q - ) 0^ a 

which starts as owing to the Do-andary condition: 

6=0 at a = 0 

Substituting equations (8) and (7), and equating coeffi- 
cients of equal oowers of a, it can be seen that all 
even powers of a in equation (8) drop out. Therefore, 
6 must be of the form: 

00 

m=^o 
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The analytical method of solvin^i: the problem can 
hardly proceed any farther. To solve the problem, it is 
necessary to use the Ray leigh-Rit z approximate method - 
that is, assume a plausible form of 9 with arbitrary 
constants but satisfying the boundary conditions; substi- 
tute this equation into (o), and then determine the 
constants by minimizing tne resulting expression. Prom a 
consideration of equation (9), the first arjpr oximat ion will 
be: 




(10) 



which satisfies the boimdary conditions (5a), The constant 
C is a measure of the deflection at the center. Substitut- 
ing equation (10) into equation (6) and carrying out the 
integration, yields: 




To find the equilibrium condition, equation (ll) is 
di'f f er ent iat ed with respect to C, and the resultant 
expression set to zero. This gives 
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This equation gives the value of p as a function of 
the region of Duckling j3 and the amplitude of the deflec- 
tion, which is proportional to C. For the tuckling 
problem of the sphere, p is a free variable. It is then 
evident that the shell rnust adjiist itself so th?^t p is 
a minimum for each vaiiie of C. In other words, the expres- 
sion for p with respect to p can be minimized and 
solved for the size of the region which corresponds to the 
minimum buckling pressure. This gives: 

6^ = ^(V\{^Q^ + 16C + 11) ^ (13) 
3 \H/ 



If equation (13) is sub st i tii.t ed into equation (12), the 
following relation is obtained: 



(3_ _ C)(4C + 130 + 11)- (14) 



-/sio 

where O is the average stress in the shell due to p and 



Equation (14) is plotted in figure 60, the maximum 
and the minimum values of k being 0.4S11 and 0.2378, 
respect ively . 

The maximum value of k is of less practical signif- 
icance than the minimum value because, as shown by Marguerre 
in his investigation of the collapse of curved bars under 
side load, the symmetrical collapse is usually precipitated 
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by an un oymiiie t r i ca 1 type, of c-u.ckling. Also, any imperfec- 
tion in the shell -will tend to cause failure to occur at 
t:;ie minimum, rather than the maximum value of p. There- 
fore, it would he expected that, although carefully 
luachined specimens tested with. all precautions to avoid 
eccentricities might lead to higher' value s , the specimens 
made and tested with accuracies corresponding to practical 
design would give experimental values of k lying close 
to the minimum value given by t he ' t heo r e t i ca 1 analysis. 



^m 



at 



In order to calculate the maximum deflection 5^ 
the center, the ordinate zq the center has to be first 

computed (fig. 59). By means of the boundary condition 
that z = 0 at a = p the following relation is obtained: 



or 



Zq = R tan 9 cos a da 



= E J e da 



(15) 



Substituting equation (16) into equation (15), and integrat- 
in&f can be expressed as; 



2o = R l-±-^^ 



(16) 



Before defer mat ion, 



^original 



= R (1 cos p) - E ^ 



Using equation (16), the deflecti( 



6rv^ is calculated as 



^m 



or ig inal 



- z , 



= Rp 



4 



When this 
following 



value is substitu.ted 
expression for S^i/t 



into equation 
is obtained: 



(1^), the 
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6m 
t 



7210 



(1 - c) 



(4C" + 13C + 



1 

11)^' 



(IV) 



Using eqiiat ions (Xv5 ) and (17), ^® plotted as a 

function of S^j^/t. This lias "been done in figure 61, and 
the curve indicates that at the "buckling pressure corre- 



the center deflection is 



spending to the minimum a/E.-^ 
of the order of ten times the sheet thickness. 

Very few experim.ent al data are availalDle to check the 
aoove theoretical values; however, a number of investiga- 
tors have stated that the previously accepted theoretical 
value of k = 0.605 obtained by Zoelly, Schwerin, and Van 
der IJeut , and as quoted by T iiiio shenko (reference 5), was 
much too high. A test made at GALCIT on a thin copper 
hemisphere indicates that the theoretical values obtained 
by this new treatment of the problem agree surprisingly 
well with the experimental results. The experimental val- 
ues were: 



E - 14. b X 10 poiinds per square inch 
E = 18 inches; t 0.020 inch; t/R = l/900 



- 0.154; 



'm 



12. 5; 



p = 0.139 radian 



Comparing these values with those predicted theoretically, 
which are: 



— = 0.237 8; ^ 9 . ^ 

O.loSO v^l0d0~t7R radians 7 . 6^ VTOOO t^R degrees = 7.2 
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a very good agreement is found .-hen due consideration is 
given to the simplifying assumptions that have been made 
and to the fact that an approximate energy method of solu- 
tion has been used. 

Recalling the fact that the theoretical value of k 
at buckling is 0.605, the present calculation shows, at 
least, that the method of attack on the problem is correct. 
Another indication of the correctness of the method lies 
in the fact that the theoretical wavelength of the buckles 
corresponds closely to that found experimentally, which is 
not the case for the earlier theoretical solutions. The 
investigation will be continued, and it is hoped that in 
the near future, the treatment can be extended to the case 
of tne thin cylindrical shell under axial compression. 
The results of some experimental investigations on the com- 
pressive failing stress at unstiffened circular cvlinders 
are given in appendix A. 



APPENDIX A 



EXPERIMENTAL INVESTIGATIONS ON COMPRESSIVE FAILING STRESS 
OF UNSTIFFENED CIRCULAR CYLINDERS 



In order to clarify the problem of the thin circular 
cylinder under axial compression, a systematic series of 
experiments were made on a number of steel cylinders. The 
parameters which are involved in this problem are; 

1. The radius- thickness ratio, R/t 

2. The length-radius ratio, l/r 

i^. The elastic properties of the material 

4. The total, axial load that can be carried by the 
specimen 

The specimens tested were all made from steel shim 
stock, which was formed into specimens 12.75 inches in 
diameter. The ends of the cylinder were rigidly clamped 
into steel end -olates, giving fixed end su-qoort to the 
axial fibers of the cylinder. The variables used were 
tne tiiickness of the material and the length of the snec- 
imen. 
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The test results are shown in figures 62 to 67, and 
the faired experimental curves are replotted in figures 
68 and 6S. The curves are plotted against the ratio 

^act ^ theo 
where 

actual failing stress obtained in the test 

theoretical failing stress ^;7hich is equal to 
0* 605 E (t/R) 

As can be seen "by figures 68 and 69, there is a con- 
tinuous decrease in the exp er iiuent ally obtained failing 
stress as the r/ t ratio increases, this decrease occur- 
ring for all values of l/r. For ail values of l/ R 
greater than 1.0, it is seen that the failing stress re- 
mains practically constant with increasing L./r for any 
given value of r/ t . Thus, for any cylinder with an l/r 
ratio greater than approximately 1.0, no length effect 
would have to he considered in an analysis, and a correc- 
tion of any appreciable magnitude would not be necessary 
until the l/r value fell below approximately 0.75. 

In order to facilitate the theoretical work on this 
problem, it was desired to determine the exact shape of 
the initial waves which appeared in the test cylinders. 
This has been done in a preliminary manner by restraining 
the loading mechanism during buckling, and it has been 
found that the initial waves which occur are of an ellip- 
tical form and are scattered at random through the spec- 
imen. This wave pattern does not agree with the uniformly 
distributed, sinusoidal type of wave which has been pre- 
viously assumed for the theoretical solution, and this 
discrepancy in assumed wave pattern may account for the 
large difference between the theoretically predicted and 
the experimentally obtained buckling loads. 

Work is now in progress to obtain a more exact knowl- 
edge regarding this initial wave pattern and to obtain a 
more exact picture of the sequence of wave patterns during 
buckling. A theoretical solution of the problem will then 
be attempted following a procedure similar to that given 
in the body of this report for the case of the spherical 
shell. 



^act 
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APPEITDIX B 

A PaSLIMIiMARY DISCUSSION ON THE USE OP A 
WIEE N3T170EK TO PROVIDE SEEAS STIFFNESS 

The addition of sheet covering, or any form of periph- 
•3 r a 1. wire network, to a skeleton cylinder made up of 
frames and longitudinals, will have two ef-fects on' the 
tending "oroperties of the cylinder. First, it will in- 
crease the moment of inertia of the section; second, it 
r.ay change the Eode of failure- due to an increase in shear 
stiffness. Fine wire "bracing and extrenvely thin sheet 
covering will have the same general type of action because 
neither can take compression and, therefore, only the por- 
tion on the tension side need he considered in the calcula- 
tion of the aoment of inertia of the section. Furthermore, 
under shearing forces the sheet will huckle and carry the 
snear stresses by means of a diagovial tension field corre- 
sponding to the effect of diagonal wiring. 

In order to approximate the case of a cylinder covered 
with a sheet of zero thickness, it was necessary to T3rovide 
suificient sheer stiffness without a-opreciably changing 
tne moment of inertia or the position of the neutral axis 
of t.ie specixaen. In the present series of tests this was 
done by Duilding up a rectangular network of steel w^res, 
0.01b inch in diameter on the periphery of the cylinder. 
It was found that the primary effect of these wires was to 
prevent a type of failure, which has been called torsional 
failure, in which the longitudinals tended to fail in a 
circixraf erential rather than in a radial direction. 

Experiuients sho^ved that if circumferential failing 
was entirely rjrevented, the cylinder would carry its maxi- 
mum oending moment and that the addition of more wires 
would not raise the allowable bending moment that could be 
supported oy the specimen. This is shown by specimens 9, 

l- ^^'^ °^ table I, These specimens were identical 

witn the exception that the amount of wire bracing was 
changed. Specimen 9 had no wire bracing and carried a 
bending moment of 60,000 inch-^oounds. Failure of the spec- 
imen was definitely of a torsional nature, the frames 
tending to rotate about the tension longitudinal and show- 
ing very little radial deflection. 
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A wire network const i tut iTig the diagonals 
gles measuring 5 inches in the rame direction 
in the longitudinal . direct ion was then added 
specimen was tested, failure taking place at 
pounds of applied moment- an increase 
wire "bracing vvas then doubled, giving 



of rectan- 
and 8 inches 
and this new 
90,000 inch- 
of 50 percent. The 
a network of diago- 



nally "braced rectangles 2.5 inches by 4 inches.- This 
change, increased the" shear stiffness of the section by a 
of 2.0; however, the speciinen failed at an applied 
of only 102,000 inch-pounds - an increase of 13 per- 
The longitudinals in this last specimen showed very 
tendency to fail in the cir cumf er ent ial direction, 



factor 
moment 
cent . 
little 



the deflection being almost entirely .radial in nature. 

Further increase in shear stiffness raised the fail- 
ure bending moment to 114,000 inch-p bund s , beyond which no 
increase could be obtained. The specimen carrying the 
maximum moment showed no tendency for torsional failure. 
From this series of specimensi and from numerous other ob- 
servations, it was concluded that if sufficient shear 
stiffness was used so that there was no circumferential 
deflection of the longitudinals, then the maximum allowable 
bending moment for the specimen would be obtained- Further- 
more, it was felt that the type of failure would closely 
correspond to that which would occur in a specimen covered 
with an infinitely thin sheet. 

The wire bracing used on the specimens had a negligi- 
ble effect on the section properties of the cylinder. 
Considering a representative cylinder after converting the 
steel wire to its equivalent duralumin area, it was found 
that the neutral axis shift was equal to: 



y« = 0.07 inch 

in a diameter of 32.0 inches, and that the moment of iner- 
tia changed from 

= 160.95 inches'^ 

without wires to 



I» = 162.03 inches 
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with wires, a change of less than 1 percent. Similar 
results were obtained with the wire hracing used on the 
other specimens tested. 

G-uggenheim Aeronaut ical Lab o rat ory , 

California Institute of Technology, 

Pasadena, Calif., February 1939, 
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TA3LE I. -Puis BSITDIHG TESTS OF LOHC-ITUDHTAI-FEAIS COMBIITATIOFS WITHOUT SHEET COVERING 

• Experimental Data - Set I 
rni longitudinals Si; All frames Jsl 



Spec- 
imen 



1 

2 

3 

h 



b 
7 



Q 

10 
11 

12 

13 
ih 

15 



Longitudinal 



Spacing 
(ifi.) 



2.53 
2.53 

2.53 
2.53 

2.53 



2.53 
2.53 

2.53 

2.53 
2.53 

2.53 



5.06 



'10.12 



10.12 



Kum- 



2.53 ^ 



1«D 
UO 

UO 
UO 

HO 



UO 

ho 

UO 

1+0 
lK3 

UO 



Ersjfle 



Spacing 

j:ijij_ 



20 
10 
10 



16 



32 
32 

'eh 

2 



2 
2 



Hum- 

"ber 



15 
15 

15 
7 



2 
1 

0 

31 
31 

31 



31 
31 
31 
31 



Failing 
moment 



33,300 
90,000 

87,000 

60, goo 

1^9,000 



iK),000 

36,300 

IS, 000 

60,000 
90,000 

102,000 



llU,000 

65,000 
33,000 

31 > 500 



Description 
of test 



Remarks 



llo wire "bracing 
Wire bracing 

do 



do 

Ho wire Ijracin^ 
Some wire "brac- 
ing 

IV'ire iDracing 



-do- 



Longitudinals failed in circumferential direction. 
Longitudinals failed in radial direction; l/2 v/ave 

complete length of specimen. 
G-enera,l instability same as specimen 2. 
Oeneral instability; l/2 wave complete length of 

specimen. 

General instability; however, specimen looked like 

combination of small v/aves between frames and 

one long half -wave. 
Similar to specimen 5- &eneral instability. 
Specimens started to fail between frames; however > 

as deflection increased, frame failed. 
Longitudinals failed in one long half-v/ave in 

radial direction. 
Longitudinals failed in circnjnf erential direction. 
Bottom longitudinal failed partly in radial and 

partly in circi-unf erential direction. 
General instability; one long half-wave. Bottom 

longitudinal failed little in circ-oxif erential 

direction. 

General instability; one long half-wave; longitu- 
dinals failed in radial direction. 

General instability; length of buckle was less 
than length of specimen; about 23 frames failed. 

Genera], instability; 1 to 1-|- complete waves in 
lengthwise direction. 

General instability; 1-^ v/aves in lengthwise direc- 
tion. 



Total length of specimen, distance between supports. 
^Two longitudinals eq^ual distance from ^ 



^Single longitudinal at maximum stress. 
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TABLE II. « THE EFFECT OE CKAITG-ING- THE EEAME SPACH'O ON THE BExIDIil^ STItSlTGTH OE THE CYLINDERS 



foment of inertia of complete specimen, ^stj = lol.O in.' 
Radius to center of stiff oner, H 1'3.76 in. 
Nmnber of stiffeners, 

^cr - ^^LA^ BM X 1:^.76 ^ 0^0973 X BM 

1 ST) ^ O J- • ^ 

Length of cpecimon, 64 in. 
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com- 
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stress 
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ure , 
•^cr 


I x5, pe 01 I ciilure 


Spec- 
imen 


T;\npe 


Ap Ga. , 

As 
(in. 2) 


I'l0Li6nt 

of in- 
ertia, 

IcXlO 
(Ln.^) 


Spac— 
ing, 
-0 

(in. ; 


i T 4 

c 

(in. ) 


T;>'pe 


1 , 

Area, 
Af 

(in.«) 


■ 

Moment 
of in- 
ertia, 
I -FX 10^" 
(in.M 


»^pac— 
in^p;, 

a, 

(in.) 


1^11:1 ber 

of 
frames 
in 61+ 

in. 


^xlO^ 
(in.") 


m.oment 

(in.- 

-Id; 


12 




0.032^1 


3.7'-^ 


2.53 


I.U7S 


5 


0.0251 


1.537 


2 


31 


7.690 


Ill4-,COO 


11,160 


G-eneral insta."bility , 


2 


-do- 


.O32U 


3.7^ 


2.53 


I.U7S 


-do- 


.0291 


1 

1.537 


1+ 


15 
15 


3.SU5 




g,S10 


Do. 


3 


-dO- 


.O32U 


3.7U 


2.53 




-do- 


.0291 


1.537 


3.SU5 


27,000 


S,500 


Do. 


]± 


-do- 


.O32U 


3.7^4 


2.53 


l.i+73 


-do- 


.0291 


1.537 


S 


7 


1.923 


60, SCO 


5,950 


Do. 


5 


-do- 


.032i+ 


3.7^ 


2.53 


1.5+73 


-do- 


.0291 


1.537 


16 


3 


.962 


U9,ooo 


i|,SOO 


Nearly panel insta- 
bility. 


r 
0 


-do- 


.032*4 


3.7H 


2.53 


l.U7g 


-do- 


.0291 


1.537 


32 


2 


.to 


U0,000 


3,910 


Nearly panel insta- 
bility. 


7 


-do- 


.032^+ 


3.7U 


2.33 


1.U7S 


-do- 


.0291 


1.537 


32 


1 


.Usi 


36,300 


3,555 


General insta"bility 
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TA3L3 III 

THE WmOU 0-F CHAlTC-IiTG THS SPACIiTG CF TIS LOHC-ITUDIITALS Oil THE BH^DIITG STHSTOTH 01- THE CYinDERS w 
[Fraiae spacing = 2.0 in.; Eadius to .lougit-jidinals, 15,76 in.] 



i 

Specimen 


Longmuainal 


J! aix mg 
Eoment 
(in. -11)) 


T.^ ATT. on ^ r» "F 

inertia of 
. specimen, 1 3-0 
(m. .) 


1 *£lXlIilUlu CUiiAjJ i. c b 0 i. V U 

stress at. failure 


Type of failure • 


Spacing HumTser 


12 


2.55 ^ 


llU.OOO 


161.0 


11,160 


G-en er al in s t a,!: i 1 i t^ 


13 


5.06 20 


65,000 




12,728 


Do. 


lU 


10.12^ 10 


■ 33 .000 


ko.2h 


12,926 • 


Do. 


15 


10.12^ 10 


31,500 


50.13 

1 


9,5+09 


Do. 



^Single longitudinal at maxim-om stress 

^Two longitudinals at ec^aal distance from specimen i (i.e., equal stress) 
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TA3LEI7.- COHESLATIOIT BSTvvESN CALCULATED AUD E^^HRBE^n^AL T^USS 

Data from Table II 
[S tai--cn as 10,000,000 Ib/sq in.] 
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Spec- 
iraen 


1 
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d^ 
(11)) 


(lb/ so in. ) 


Hoff ' s aiethod 


1 

exper. 
stress 


1^ 

ii':>rperi- 


d 

(in.) 


01 

frpjiies 
in bk 
in . 


A 


A 

{\ v;avc) 


(■g- v;ave) |(l v/avc) 

_ i 


O = ji 
cr ■> s 

/ 


' mental 

v/ave 
pattern 


12 


2 


31 


9.275 


2S6,500 


72,300 


15.5 


1,192 


7.95 


li,530 


11, 160 




1/2 wave 


2 


), 


15 


2,319 


71,600 


9,030 


7.72 


1 , 200 
1,21^ 


3'. 9^ 




S.275 


Do. 


k 
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■ 7 


_y cj vy 


J- ( , _^ A> U 


1,130 


1.95 


^,700 




"1 

JJO . 


5 


lb 


3 


1U5 




1^11.0 


l.SS 


1.267 


•97 


4,750 


u,soo 


1/2 v/ave - 
nearly 
panel insta- 
bility 




32 


0 


36.2 


l.OSS 


17-75 


1.32 


6U2 


-935 


1,27s 


3.910 


Bo. 


7 




1 


36.2 


1 ,0oo 


17-75 


-935 


1.2S3 


.50c 


U,^SO 


3.555 


Do. 
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0 


9.0( 


5 2S0 


2.21 
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l,51i2 


1/2 v/ave 
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Fig. 7 



Note. 



All figures are four times actual size 
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FIGURE 7 
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Fig. 9 
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Figs. 15,16,17,18 
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Figs. 13,20,21,22 
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Figure 35.- Relation "betv/een bending moment and frame spacing, all specimens - 64" long, 40 longitudinals ^ 
- S-^f all frames - F5. 
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Figure 36.- Relation between bending moment and stiff ener spac- 
ing, all specimens - 64" long, 31 frames - Fn, all 
longitudinals - Si> 




figure 37.- Test 3, stiffener deflection, 15 frames, frame F5, 40 stiffener Si- 




J^igure 39,^ Test 4, stiffener deflection, 7 frames, frame 40-stiffener Si. 




Figure 41.- Test 5, stiffener deflection, 3 frames, frame F5, stiffener S]^, 
40 stiff oners. 




Figure 45.- Test 10, stiff ener deflection, 31 frames, frame F5, stiff ener S 
40 stiffeners. 




Figure 47.- Test 13, stiff ener deflection, 31 fracies, frame ^5, stiff ener S]^, 
20 stiffeners- 
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Figure 49.- Test 14, stiffener deflection, 31 frames, frame F5, stiffener Si, 
- 10 stiffeners. 
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Fig. 54 




.4 .6 

Radial deflection, in. 



Figure 54.- Maximijm radial deflection of frame at station 16 as a 
function of applied bending moment. 
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Figure 55.- 
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Figure 56 
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Figure 62.- Compression of circular cylinders length effect (f ^./cf., a^-ainst l/r, R/t = 700 to 
750, radius 6. 375"^ material steel. 
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Pig* 63 




Figure 63.- Compression of circular cylinders length effect, 

^act/c^theo Against l/r, e/ t = 1081, radius = 6.375", 
material steel. 
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Figure 64.- Compression of circular cylinder length effect, <^act/^theo ^g^^^^t l/r, r/ t - 
1150 to 1250, radius = 6. 375", material steel. 
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Figure 55.- Compression of circular cylinders length effect, tfg^^^/rftheo against l/r, R/t = 1550 to 
1600, radius = 5 .375" t material steel. c.^o, - 
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Figure 66.^ Compression of circular cylinders length effect, (^act/^theo ^-gainst l/r, R/t = 1850 
to 2000, radius = 6 .375\ material steel. 
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Figaro 67.- Compression of circular cylinders length effect, c5;^./cf.v,AA against l/r, R/t = 
2600 to 3000, radius 6 .375", material steel. ' 
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Figure 58.- Compression of circular cylinder length effect, c^act/^theo 
against r/ t for constant l/R, radius 6.375"^ material steel. 
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Figure 59.- Compression of circular cylinders length ^^'^^<^^,<^Q,ctf^th.eo ^g^i^st L/r for various R/t, 
radius 6 •375'^, material steel. 
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